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AMENABLE SEMIGROUPS AND NONEXPANSIVE
DYNAMICAL SYSTEMS
ANDRZEJ WIS´NICKI
Abstract. We characterize amenability of subspaces of C(S), where
S is a semitopological semigroup, in terms of fixed point properties of
nonexpansive actions. In particular, we give a complete characterization
of a semitopological semigroup with a left invariant mean on WAP(S)
that answers a question of A.T.-M. Lau and Y. Zhang in the affirmative.
We also propose a new approach to Lau’s problem concerning a coun-
terpart of Day-Mitchell’s characterization of amenable semigroups and
show some partial results, in the case of weak∗ compact convex sets with
the Radon-Nikody´m property, and in the duals of M -embedded Banach
spaces.
1. Introduction
A strong connection between amenability and fixed point properties of
semigroup actions was investigated in a number of papers. We recall only
a few classical results. Day [8] characterized amenable semigroups in terms
of the fixed point property for continuous affine mappings acting on com-
pact convex sets in a locally convex space and Mitchell [22] extended Day’s
result to semitopological semigroups. Ryll-Nardzewski [26] used his fixed
point theorem to show the existence of the left invariant mean on the space
WAP (G) of weakly almost periodic functions on a group G. Amenability of
various subspaces of C(S) are often characterized in the context of affine ac-
tions on a semigroup S (see, e.g., [14, 15, 22, 25]) and the question naturally
arises as to whether similar description can be given with the use of nonex-
pansive, i.e., 1-Lipschitz actions. In 1973, Lau [14] described amenability of
AP (S), the space of almost periodic functions on a semigroup S, in terms
of the fixed point property for nonexpansive mappings acting on compact
convex sets and it appears to be the only full characterization of this type.
This paper is motivated by the recent study of Lau and Y. Zhang on fixed
point properties of semigroups of nonexpansive mappings (see [18]–[20]).
Several relations among fixed point properties on weakly and weak∗ com-
pact convex sets are discussed in these papers (see the diagram on page 2553
in [18]). In particular, [18, Theorem 3.4] gives a characterization of a sepa-
rable semitopological semigroup S with a left invariant mean on WAP (S)
in terms of the fixed point property for nonexpansive mappings acting on
weakly compact convex subsets of a locally convex space and Question 4 in
[19] asks about the full such characterization.
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In this paper we take forward this program. In Section 3, we apply the
notion of fragmentability to drop the separability assumption from some
results in [18]. In particular, we give a complete characterization of a semi-
topological semigroup that has a left invariant mean on weakly almost pe-
riodic functions and thus answer [19, Question 4] in the affirmative (see
Theorem 3.6). We also extend a fixed point theorem of Hsu [12] (see also
[19, Theorem 3.10]) from left reversible discrete semigroups to left amenable
semitopological semigroups. Note that the case of Banach spaces was stud-
ied in [27] but the general case of locally convex spaces is more complicated.
Another open problem in [18, p. 2542] (see also [20, Problem 1]) concerns
the chain of implications: (G) ⇒ (F ) ⇒ (E) ⇒ (D) (see Section 2 for the
definitions). We show that (D)⇔ (E) (the relation (E) 6⇒ (F ) was proved
in [18], and whether (F )⇒ (G) is unknown, see also the diagram below).
Another aspect of our work that has not yet been studied is the applica-
tion of the Bruck retraction method to get some qualitative results about
the set of fixed points of S (see Theorem 3.10).
The following diagram summarizes the relations among the fixed point
properties of semitopological semigroups acting on weakly compact convex
sets in locally convex spaces discussed in Section 3 (compare the diagram
on p. 2553 in [18]):
LUC(S)
has LIM
⇓
S is left reversible
& metrizable
⇒ (G∗) ⇒ (F ∗) ⇔ WAP (S) ∩ LUC(S) has LIM
⇑ 6⇓ ⇑ 6⇓
(G) ⇒ (F )
⇒
6⇐
(E)⇔ (D)⇔ AP (S) has LIM
⇑ m
LMC(S)
has LIM
WAP (S)
has LIM.
An old problem in fixed point theory, posed by A. T.-M. Lau in 1976
(see [15, Problem 4], [19, Question 1]), concerns a counterpart of the well-
known Day-Mitchell characterization of amenable semigroups. In Section 4,
we extend the techniques of Section 3 to propose a new approach to Lau’s
problem by reducing it to a certain question about the norm support of a
weak∗ Borel Radon measure on a weak∗ compact set. As a consequence, we
show that Lau’s problem has an affirmative solution in the case of weak∗
compact convex sets with the Radon-Nikody´m property, in particular for
subsets of the dual of an Asplund space. We also extend the corresponding
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results in [19] concerning L-embedded subsets of Banach spaces. In par-
ticular, Lau’s problem is also solved in the affirmative for weak∗ compact
convex sets in the duals of M-embedded Banach spaces.
2. Preliminaries
Let S be a semitopological semigroup, i.e., a semigroup with a Hausdorff
topology such that the mappings S ∋ s→ ts and S ∋ s→ st are continuous
for each t ∈ S. Let ℓ∞(S) be the Banach space of bounded complex-valued
functions on S with the supremum norm. For s ∈ S and f ∈ ℓ∞(S), we
define the left and right translations of f in ℓ∞(S) by
Lsf(t) = f(st), Rsf(t) = f(st)
for every t ∈ S. Let Y be a closed linear subspace of ℓ∞(S) containing
constants and invariant under translations, i.e., Ls(Y ) ⊂ Y, Rs(Y ) ⊂ Y.
Then a linear functional µ ∈ Y ∗ is called a left (respectively right) invariant
mean on Y (LIM or RIM, for short), if ‖µ‖ = µ(1) = 1 and µ(Lsf) = µ(f)
(respectively µ(Rsf) = µ(f)) for each s ∈ S and f ∈ Y.
Let C(S) be the closed subalgebra of ℓ∞(S) consisting of bounded con-
tinuous functions and let f ∈ C(S). We will say that f ∈ LUC(S) (f ∈
WLUC(S)) if the mapping S ∋ s→ Lsf from S to C(S) is continuous when
C(S) has the norm topology (weak-topology). Similarly, f ∈ LMC(S) if the
mapping S ∋ s→ Lsf ∈ C(S) is continuous when C(S) is given the topol-
ogy induced by the multiplicative means on C(S). (Recall that a mean µ
is multiplicative if µ(fg) = µ(f)µ(g)). A bounded continuous function f
on S is called almost periodic (weakly almost periodic) if {Lsf : s ∈ S}
is relatively compact in the norm topology (weak topology) of C(S). The
space of almost periodic functions on S is denoted by AP (S) and the space
of weakly almost periodic functions by WAP (S). In general,
AP (S) ⊂ LUC(S), AP (S) ⊂WAP (S),
LUC(S) ⊂ WLUC(S) ⊂ LMC(S) ⊂ C(S),
and if S is discrete, then
AP (S) ⊂ WAP (S) ⊂ LUC(S) = ℓ∞(S).
It is not difficult to show that all these spaces are translation-invariant. A
semigroup S is called left amenable if there exists a left invariant mean on
LUC(S).
Let K be a topological space. A semigroup S is said to act on K (from
the left) if there is a map π : S ×K → K such that s1(s2x) = (s1s2)x for
all s1, s2 ∈ S and x ∈ K, where as usual, we write sx instead of π(s, x). We
say that the action π is separately continuous if all orbit maps ρx : S →
K, ρx(s) = sx, and all translations λs : K → K, λs(x) = sx, are continuous.
By a dynamical system we mean a pair (S,K), where S is a semitopolog-
ical semigroup, K a topological space and there is a separately continuous
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semigroup action π : S ×K → K of S on K. We will say that a dynami-
cal system is continuous if the action π is jointly continuous. A dynamical
system is said to be compact if K is compact. The enveloping (or Ellis)
semigroup E(S,K) of a compact dynamical system (S,K) is the closure in
the product topology of the set {λs : K → K : s ∈ S} of S-translations in
the compact semigroup KK .
Let (X, τ) be a locally convex space whose topology τ is determined by
a family Q of (continuous) seminorms on X and let K ⊂ X . We say that a
dynamical system (S,K) is Q-nonexpansive (or briefly, nonexpansive if Q
is fixed) if p(sx − sy) ≤ p(x − y) for every p ∈ Q, s ∈ S and x, y ∈ K. A
subset K of X is said to have Q-normal structure if for each Q-bounded
subset A of K that contains more than one point, there is u ∈ coK and
p ∈ Q such that sup{p(x− u) : x ∈ A} < sup{p(x− y) : x, y ∈ A}. Recall
that A is Q-bounded if for each p ∈ Q there is d > 0 such that p(x) ≤ d for
all x ∈ A. Finally, a system (S,K) is said to have a fixed point if there is
x ∈ K such that sx = x for every s ∈ S.
Let S be a semitopological semigroup and (X, τ) a locally convex space
whose topology is determined by a family Q of seminorms on X . Following
[18], we shall consider the following fixed point properties for a semigroup
S:
(D): Every nonexpansive dynamical system (S, (K, τ)), where K is a com-
pact convex subset of a locally convex space, has a fixed point.
(E): Every nonexpansive system (S, (K,weak)), where K is a weakly
compact convex subset of a locally convex space, such that the trans-
lations λs : K → K are equicontinuous (in weak topology), has a
fixed point.
(E ′): Every nonexpansive system (S, (K,weak)), where K is weakly com-
pact convex and has Q-normal structure, such that the translations
λs : K → K are (weakly) equicontinuous, has a fixed point.
(F ): Every nonexpansive system (S, (K,weak)), where K is a weakly
compact convex subset of a locally convex space, such that the en-
veloping semigroup E(S, (K,weak)) consists of (weakly) continuous
functions, has a fixed point.
(F ∗): Every nonexpansive and continuous dynamical system (S, (K,weak)),
where K is a weakly compact convex subset of a locally convex space,
such that the enveloping semigroup E(S, (K,weak)) consists of (weak-
ly) continuous functions, has a fixed point.
(G): Every nonexpansive dynamical system (S, (K,weak)), where K is a
weakly compact convex subset of a locally convex space, has a fixed
point.
(G∗): Every nonexpansive and continuous dynamical system (S, (K,weak)),
where K is a weakly compact convex subset of a locally convex space,
has a fixed point.
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Notice that we have changed the notation slightly, partly to shorten it,
and partly because we feel that a little change in perspective may be fruitful
for future research.
3. Semigroup actions on locally convex spaces
The central theme in this paper is the notion of fragmentability invented
by Jayne and Rogers [13]. Let (K,ω) be a topological space and let ρ be
a pseudometric on K. We say that (K,ω) is (ω, ρ)-fragmented if for every
ε > 0 and a nonempty set A ⊂ K there is an ω-open set U in K such that
U ∩A 6= ∅ and ρ-diam(U ∩A) < ε. It was proved by Namioka (see [23]) that
every weakly compact subset of a Banach space is (weak,norm)-fragmented.
We need the following generalization. We say that a subset K of a locally
convex space (X, τ) is (ω, τ)-fragmented if for every τ -open neighbourhood
V of 0 and a nonempty set A ⊂ K, there is an ω-open set U in X such
that U ∩ A 6= ∅ and (U ∩ A) − (U ∩ A) ⊂ V. One of our main tools is the
following result of Megrelishvili [21, Prop. 3.5] (see also [10, Lemma 1.1]).
Lemma 3.1. Every weakly compact subsetK of a locally convex space (X, τ)
is (weak, τ)-fragmented.
It follows that if the topology τ is determined by a family Q of seminorms
on X and if K ⊂ X is weakly compact, then for every ε > 0, p1, ..., pn ∈ Q
and a nonempty set A ⊂ K, there is a weakly open set U in X such that
U ∩ A 6= ∅ and pi(x− y) < ε for every x, y ∈ U ∩ A and i = 1, ..., n.
Let µ be a probability Radon measure on a compact topological space K.
Recall that the support of µ is defined as the complement of the set of points
that have neighborhoods of measure 0. It is well-known that µ(supp(µ)) =
µ(K). A measure µ is called S-invariant for a dynamical system (S,K) if
µ(s−1(A)) = µ(A) for every Borel set A ⊂ K and s ∈ S. The following
lemma is the crucial observation for this section.
Lemma 3.2. Let (S, (K,weak)) be a Q-nonexpansive dynamical system,
where K is a minimal weakly compact S-invariant subset of a locally convex
space (X, τ) whose topology is determined by a family Q of seminorms, and
suppose that µ is an S-invariant Radon probability measure on (K,weak).
Then K = supp(µ) is τ -totally bounded.
Proof. Set K0 = supp(µ) and notice that µ(s
−1(K0)) = µ(K0) = 1. Hence
K0 ⊂ s−1(K0) since s−1(K0) is weakly closed. Similarly,
µ(s(K0)) = µ(s
−1(s(K0))) = µ(K0) = 1
and consequently, K0 ⊂ s(K0). Thus s(K0) = K0 for every s ∈ S and, since
K is minimal, K = K0. Let p ∈ Q and ε > 0. It follows from Lemma 3.1 that
K = supp(µ) is τ -fragmented and hence there exist a weakly open set U in
X and x ∈ U ∩ supp(µ) such that p(x− y) < ε for every y ∈ U ∩ supp(µ).
Thus
µ({y ∈ K : p(x− y) < ε}) ≥ µ(U ∩ supp(µ)) > 0
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(Note that {y ∈ K : p(x − y) ≤ ε} is weakly compact and hence {y ∈ K :
p(x − y) < ε} is weakly Borel). Now we follow partly the argument of [3,
Lemma 1]. Notice that by nonexpansivity,
{y ∈ K : p(x− y) < ε} ⊂ s−1({y ∈ K : p(sx− y) < ε})
for each s ∈ S and, since µ is S-invariant,
µ({y ∈ K : p(sx− y) < ε}) ≥ µ({y ∈ K : p(x− y) < ε}) > 0.
It follows that there exists only a finite number of disjoint sets of the form
{y ∈ K : p(sx−y) < ε}, s ∈ S, which means that there exists a finite 2ε-net
A = {s1x, s2x, ..., skx} of {sx : s ∈ S} with respect to p. From minimality
of K, K = {sx : s ∈ S}
weak
and hence, for every y ∈ K, there exists a net
{sαx} that converges weakly to y. For each sαx take zα ∈ A such that
p(sαx− zα) < 2ε.
Since A is finite, there is a subnet {zϕ(β)} of {zα} converging to some z ∈ A.
It follows from the weak lower semicontinuity of p that
p(y − z) = p(w- lim sϕ(β)x− w- lim zϕ(β)) ≤ lim inf
α
p(sϕ(β)x− zϕ(β)) ≤ 2ε.
Thus for every ε > 0 and p ∈ Q there exists a finite ε-net for K and it
means that K is τ -totally bounded. 
We can now give a proof of a fixed point theorem that combines Lemma
3.2 and the arguments in [14, Theorem 4.1] (see also [17, Theorem 5.3]).
Denote by C(K) the space of weakly continuous complex-valued functions
defined on a weakly compact set K.
Theorem 3.3. Let (S, (K,weak)) be a Q-nonexpansive dynamical system,
where K is a weakly compact convex subset of a locally convex space (X, τ)
whose topology is determined by a family Q of seminorms and let Y be a
closed linear subspace of ℓ∞(S) containing constants and invariant under
translations. Suppose that the function S ∋ s→ fy(s) = f(sy) belongs to Y
for every y ∈ K and every f ∈ C(K). If Y has a left invariant mean then
(S, (K,weak)) has a fixed point.
Proof. It follows from Kuratowski-Zorn’s lemma that there exists a minimal
weakly compact and convex subset C of K which is invariant under S. Let
F be a minimal weakly compact subset of C which is invariant under S.
Notice that fy ∈ Y for every y ∈ F and f ∈ C(F ). Fix y ∈ F and let m be
a left invariant mean on Y. Define a positive functional Φ on C(F ) by
Φ(f) = m(fy)
for f ∈ C(F ). Let tf(x) = f(tx) for every t ∈ S, x ∈ F and f ∈ C(F ).
Then tf : F → C is weakly continuous and Φ(f) = Φ(tf). Let µ be the
probability (weakly Borel) Radon measure on F corresponding to Φ. Then
µ(A) = µ(s−1(A)) for every weakly Borel subset A of F and s ∈ S. It follows
from Lemma 3.2 that F = supp(µ) is τ -totally bounded. We can assume
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without loss of generality that (X, τ) is complete (otherwise, consider the
closure of F in the completion of X). Thus F is τ -compact.
Suppose that F is not a singleton. Then there is a seminorm p ∈ Q such
that r = sup{p(x − y) : x, y ∈ F} > 0. By a counterpart of [9, Lemma 1]
(applied to the seminorm p instead of a norm), there is u ∈ coF ⊂ C such
that r0 = sup{p(u− y) : y ∈ F} < r. Let
C0 = {x ∈ C : p(x− y) ≤ r0 for all y ∈ F}.
Then u ∈ C0 and C0 is a weakly compact convex proper subset of C. Since
the system (S,K) is Q-nonexpansive and s(F ) = F, s ∈ S, we have s(C0) ⊂
C0 for each s ∈ S which contradicts the minimality of C0. Thus K consists
of a single point x and sx = x for every s ∈ S. 
As alluded to in the introduction, Hsu [12] proved property (G) for a
left reversible and discrete semigroup S, and Lau and Zhang [18, Theorem
5.4] generalized Hsu’s result to left reversible, metrizable semitopological
semigroups by showing property (G∗). (Notice that for discrete semigroups,
properties (G) and (G∗) are equivalent). Having Theorem 3.3, we can ex-
tend the above theorems to left amenable semitopological semigroups and
also drop the separability assumption from some results in [18], thus giv-
ing a full characterization for the existence of a left invariant mean on
AP (S),WAP (S) or WAP (S)∩LUC(S), respectively, in terms of the fixed
point property of the semitopological semigroup S acting nonexpansively
on a weakly compact convex subset of a locally convex space.
Theorem 3.4. Let S be a semitopological semigroup. If LUC(S) has a LIM,
then S has property (G∗).
Proof. Let K be a weakly compact convex subset of a locally convex space
whose topology is determined by a family Q of seminorms. If (S, (K,weak))
is continuous in weak topology, then by definition, the action π : S×K → K
is jointly weakly continuous and it follows from [17, Lemma 5.1] that the
function fy(s) = f(sy), s ∈ S, belongs to LUC(S) for every f ∈ C(K)
and y ∈ K. Since the action is also Q-nonexpansive and LUC(S) has a
left invariant mean, the result follows from Theorem 3.3 specialized to Y =
LUC(S). 
Theorem 3.4 extends also [?, Corollary 3.4] in two aspects: from strongly
amenable to amenable semigroups and from weakly compact convex sets in
Banach spaces to locally convex spaces.
For property (G) we have the following result which extends (the right
part of) [1, Theorem 3.1] from Banach spaces to locally convex spaces.
Theorem 3.5. If LMC(S) has a LIM, then S has property (G).
Proof. Given a Q-nonexpansive system (S, (K,weak)), the action π : S ×
K → K is weakly separately continuous and the same reasoning as in
the proof of Theorem 3 in [22] yields fy ∈ LMC(S) for every f ∈ C(K)
8 A. WIS´NICKI
and y ∈ K. Now the result follows from Theorem 3.3 specialized to Y =
LMC(S). 
It appears that LMC(S) should be replaced by WLUC(S) in Theorem
3.5 as in the case of affine actions (see [22, Theorem 4]) but it is out of our
reach for now. In fact, it seems to be an open problem whether WLUC(S)
is a proper subspace of LMC(S).
Since property (G) implies WAP (S) has a LIM, it follows from Hsu’s
theorem that if S is discrete and left reversible, then WAP (S) has a LIM.
It improves an earlier result of Ryll-Nardzewski who proved the existence
of LIM on WAP (G) when G is a (discrete) group. Lau and Zhang [18,
Theorem 3.4] showed that if S is a separable semitopological semigroup,
then WAP (S) has a LIM iff S has property (F ), and one of the main
questions in [19] was about a similar characterization for any semitopological
semigroup. We answer this question in the affirmative.
Theorem 3.6. WAP (S) has a LIM if and only if S has property (F ).
Proof. Assume that WAP (S) has a LIM and a system (S, (K,weak)) is
Q-nonexpansive, where K is a weakly compact convex subset of a locally
convex space, and such that the enveloping semigroup E(S,K) consists
of weakly continuous functions. It follows from [18, Lemma 3.2] that fy ∈
WAP (S) for every f ∈ C(K) and y ∈ K. Thus the assumptions of Theorem
3.3 are satisfied with Y = WAP (S) and we obtain a fixed point of (S,K).
The reverse implication follows in the same way as in [18, Theorem 3.4]. 
As a by-product, combining Theorem 3.4 with Theorem 3.6 we have
(G∗) 6⇒ (G) for, otherwise, amenability of LUC(S) would imply amenabil-
ity of WAP (S) which is in general not the case (see [18, Example 5.5]).
Our next result drops the separability assumption from [18, Theorem 5.1]
and thus provides a full characterization of a semigroup S that has a left
invariant mean on WAP (S) ∩ LUC(S) in terms of a fixed point property
for nonexpansive mappings.
Theorem 3.7. WAP (S)∩LUC(S) has a LIM if and only if S has property
(F ∗).
Proof. Assume that WAP (S)∩LUC(S) has a LIM, K is a weakly compact
convex subset of a locally convex space and a system (S, (K,weak)) is Q-
nonexpansive, weakly continuous and the enveloping semigroup E(S,K)
consists of weakly continuous functions. Thus the action π : S × K → K
is jointly weakly continuous and hence fy ∈ LUC(S) for every f ∈ C(K)
and y ∈ K. Furthermore, as in the proof of Theorem 3.6, fy ∈ WAP (S).
Applying Theorem 3.3 with Y = WAP (S)∩LUC(S) we get a fixed point of
S in K. The reverse implication follows in the same way as in [18, Theorem
5.1]. 
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Finally, we consider the space of almost periodic functions AP (S). Lau
[14, Theorem 4.1] characterized amenability of AP (S) in terms of a fixed
point property for nonexpansive mappings acting on a compact convex sub-
set of a locally convex space. He showed that AP (S) has a LIM if and
only if S has property (D). In [18, Theorem 3.9], the authors characterized
amenability of AP (S) in terms of a fixed point property on weakly compact
convex sets and proved that AP (S) has a LIM if and only if S has property
(E ′). Furthermore, they proved that AP (S) has a LIM if and only if S has
property (E) provided S is separable (see [18, Theorem 3.6]). We have such
a characterization for any semigroup.
Theorem 3.8. AP (S) has a LIM if and only if S has property (E).
Proof. Suppose thatAP (S) has a LIM,K is a weakly compact convex subset
of a locally convex space and a system (S, (K,weak)) is Q-nonexpansive and
such that the translations λs : K ∋ x→ sx ∈ K are equicontinuous in weak
topology. Then fy ∈ AP (S) for every f ∈ C(K) and y ∈ K by [14, Lemma
3.1]. Applying Theorem 3.3 with Y = AP (S) we get a fixed point of S in
K. The reverse implication holds by [18, Theorem 3.9]. 
Thus it is shown that properties (D), (E ′) and (E) are equivalent that
solves another open problem from [18, p. 2542] (see also [20, Problem 1]).
One aspect of this program that has not been studied yet is its relation to
the Bruck retraction method developed in [6, 7]. We use the following conse-
quence of Bruck’s theorem [7, Theorem 3] to get the qualitative information
about the structure of the set of fixed points of (S,K).
Theorem 3.9. Let K be a compact Hausdorff topological space and S a
(discrete) semigroup of mappings on K (the separate continuity of the oper-
ation is not required). Suppose that S is compact in the product topology of
KK and each nonempty closed S-invariant subset of K contains a fixed point
of S. Then there exists in S a retraction of K onto F (S) = {x ∈ K : sx = x
for every s ∈ S}.
Note that a retraction here is a mapping r : K → F (S) such that r◦r = r
(the continuity of r in the topology of K is not required). We sketch the
proof for the convenience of the reader.
Proof. Following [7, Theorem 3], we will construct a one-element left ideal
{e} of S. By Kuratowski-Zorn’s lemma there exists a minimal left ideal
J of S that is compact in the product topology of KK . If x ∈ K then
Jx = {sx : s ∈ J} is compact as the image of the compact set J under
the continuous projection S ∋ s → sx ∈ K and S-invariant since sJ ∈ J
for each s ∈ S. By assumption, there is u ∈ Jx such that su = u for
s ∈ S. Define I = {s ∈ J : sx = u}. Then ∅ 6= I ⊂ J is a left ideal of
S and compact in product topology. From minimality of J, I = J , that is,
sx = u for every s ∈ J. Since x is arbitrary, J consists of a single element
e : K → K. Thus se = e for every s ∈ S and consequently ex ∈ F (S) for
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every x ∈ K. Moreover, ex = x for x ∈ F (S) since e ∈ S. It shows that e is
a retraction of K onto F (S). 
The following theorem is a qualitative complement to the results of this
section.
Theorem 3.10. Let S be a semitopological semigroup that satisfies one of
properties from (D) to (G∗). Then the set of fixed points of (S,K) is a
Q-nonexpansive retract of K.
Proof. Suppose that S satisfies one of these properties. Put Sˆ = {T : K →
K | T is Q-nonexpansive and F (S) ⊂ F (T )}. Notice that KK is compact in
the topology of pointwise convergence when K is given the weak topology
(or τ -topology in case of property (D)). Furthermore, Sˆ ⊂ KK is closed in
this topology since
p(w- limTαx− w- limTαy) ≤ lim inf
α
p(Tαx− Tαy) ≤ p(x− y)
for every x, y ∈ K, p ∈ Q and a convergent net {Tα} ⊂ Sˆ. Thus Sˆ is compact
in this topology and F (S) = F (Sˆ). Let K0 be a closed Sˆ-invariant subset
of K and select x ∈ K0. Then Kˆ = {Tx : T ∈ Sˆ} is a compact convex
Sˆ-invariant subset of K0. Since S satisfies one of properties from (D) to
(G∗), there is a fixed point of Sˆ in Kˆ ⊂ K0. From Theorem 3.9 there is in Sˆ
a retraction of K onto F (Sˆ) = F (S). This completes the proof since every
element in Sˆ is Q-nonexpansive. 
4. Semigroup actions on Banach spaces
An old problem in fixed point theory that dates back to the 1970s (see
[19] for a discrete case and [16] for a general case), posed by A. T.-M. Lau,
concerns a counterpart of the well-known Day-Mitchell “affine” character-
ization of amenable semigroups: does a semitopological semigroup S have
the fixed point property:
(F∗): Every nonexpansive and continuous dynamical system (S, (K,weak
∗)),
where K is a weak ∗ compact convex subset of a dual Banach space,
has a fixed point
if LUC(S) has a LIM? Partial solutions to this problem were obtained for
separable weak∗ compact convex sets in [19] and for commutative semi-
groups in [4]. We refer the reader to [20] for a discussion and further refer-
ences. In this section we extend the techniques from Section 3 to propose a
new approach to Lau’s problem.
Suppose K is a weak∗ compact subset of a dual Banach space and de-
note by B(K,weak∗) the sigma-algebra of weak∗ Borel subsets of K. In
general, the sigma-algebra B(K, ‖·‖) of norm Borel sets may be larger
than B(K,weak∗) but the closed balls in K are weak∗ compact and hence
are weak∗ Borel. Let µ be a probability measure on the sigma-algebra
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B0(K, ‖·‖) ⊂ B(K,weak
∗) generated by the family of balls in K and de-
fine
supp‖·‖(µ) = {x ∈ K : µ({y ∈ K : ‖x− y‖ < ε}) > 0 for each ε > 0}.
Recall from Section 2 that by (S, (K, ‖·‖)) we mean a dynamical system,
where π : S × K → K is separately continuous and K is considered with
the norm-topology.
Lemma 4.1. Let (S, (K, ‖·‖)) be a nonexpansive dynamical system, where
K is a minimal weak∗ compact S-invariant subset of a dual Banach space
and suppose that µ is a probability S-invariant measure on B0(K, ‖·‖). If
supp‖·‖(µ) 6= ∅ then K is norm-compact.
Proof. By assumption, there is x ∈ K such that µ({y ∈ K : ‖x− y‖ <
ε}) > 0 for each ε > 0. Thus, by nonexpansivity,
µ(s−1({y ∈ K : ‖sx− y‖ < ε})) ≥ µ({y ∈ K : ‖x− y‖ < ε}) > 0
and, since µ is S-invariant,
µ({y ∈ K : ‖sx− y‖ < ε}) = µ(s−1({y ∈ K : ‖sx− y‖ < ε})) > 0
for each s ∈ S and ε > 0. It follows that there exists a 2ε-net A =
{s1x, s2x, ..., skx} of {sx : s ∈ S} for every ε > 0. Hence {sx : s ∈ S}
is norm-totally bounded. From minimality of K, K = {sx : s ∈ S}
weak∗
=
{sx : s ∈ S}
norm
is norm-compact. 
Notice that in particular, Lemma 4.1 holds if µ is a probability S-invariant
Radon measure on B(K, ‖·‖) that may be of independent interest.
There is a large class of sets for which supp‖·‖(µ) 6= ∅ for every Radon
measure µ on B(K,weak∗). Recall that a convex closed subset C of a Ba-
nach space X has the Radon-Nikody´m property (RNP for short) if for any
measure space (Ω,F , µ) and an X-valued measure F : F → X such that
{F (B)/µ(B) : B ∈ F , µ(B) > 0} ⊂ C, there is a Bochner integrable func-
tion ϕ : Ω→ C such that F (B) =
∫
B
ϕ dµ for each B ∈ F .
Suppose that K is a weak∗ compact convex subset with the RNP of a
dual Banach space and µ a Radon probability measure on B(K,weak∗).
Let supp(µ) denote the support of µ with respect to B(K,weak∗). By the
results of Michael, Namioka, Phelps and Stegall, the identity map id :
(supp(µ),weak∗) → (supp(µ), norm) has a point of continuity x (see, e.g.,
[5, Theorem 4.2.13]). It follows that for every ε > 0 there is a weak∗ open
neighbourhood U of x such that ‖x− y‖ < ε for each y ∈ U ∩ supp(µ).
Hence
µ({y ∈ K : ‖x− y‖ < ε}) ≥ µ(U ∩ supp(µ)) > 0
and therefore x ∈ supp‖·‖(µ). Thus we obtain a counterpart of Theorem 3.3.
Theorem 4.2. Let (S, (K,weak∗)) be a nonexpansive dynamical system,
where K is a weak∗ compact convex subset with the RNP of a dual Banach
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space and let Y be a closed linear subspace of ℓ∞(S) containing constants and
invariant under translations. Suppose that the function S ∋ s → fy(s) =
f(sy) belongs to Y for every y ∈ K and weak∗ continuous function f : K →
C. If Y has a left invariant mean then (S, (K,weak∗)) has a fixed point.
Proof. Let C be a minimal weak∗ compact convex S-invariant subset of K
and F a minimal weak∗ compact S-invariant subset of C. As in the proof
of Theorem 3.3, choose a left invariant mean on Y , fix y ∈ F and set
Φ(f) = m(fy) for f ∈ C(F ), the space of weak∗ continuous complex-valued
functions on F . Then µ(A) = µ(s−1(A)) for every weak∗ Borel subset A of
F and s ∈ S, where µ is the probability (weak∗ Borel) Radon measure on
F corresponding to Φ. Since F is a weak∗ compact subset of the set K with
the RNP, supp‖·‖(µ) 6= ∅ and it follows from Lemma 4.1 that F is norm-
compact. Furthermore, from minimality, F = supp(µ) and hence s(F ) = F
for every s ∈ S. As in the proof of Theorem 3.3, K = F consists of a single
point x and thus sx = x for every s ∈ S. 
In particular, we obtain a partial solution to Lau’s problem.
Theorem 4.3. Let S be a semitopological semigroup and (S, (K,weak∗))
a nonexpansive continuous dynamical system, where K is a weak∗ compact
convex subset with the RNP of a dual Banach space. If LUC(S) has a LIM,
then S has a fixed point in K and the set F (S) of fixed points is a nonex-
pansive retract of K.
Proof. It follows from [17, Lemma 5.1] that fy ∈ LUC(S) for every weak∗
continuous function f : K → C and y ∈ K. By Theorem 4.2, there is a fixed
point of S in K.
Put Sˆ = {T : K → K | T is nonexpansive and F (S) ⊂ F (T )} and notice
that Sˆ ⊂ KK is closed in the topology of weak∗ pointwise convergence since
‖w∗- limTαx− w
∗- limTαy‖ ≤ lim inf
α
‖Tαx− Tαy‖ ≤ ‖x− y‖
for every x, y ∈ K and every weak∗ convergent net {Tα} ⊂ Sˆ. Thus Sˆ is
compact in this topology. Let K0 be a weak
∗ closed Sˆ-invariant subset of
K. Choose x ∈ K0 and notice that Kˆ = {Tx : T ∈ Sˆ} is a weak∗ compact
convex Sˆ-invariant subset of K0. By the first part of this theorem there is a
fixed point of S in Kˆ ⊂ K0. But F (S) = F (Sˆ) and it follows from Theorem
3.9 that there exists in Sˆ a retraction of K onto F (S). 
As a consequence, Theorem 4.3 holds for any weak∗ compact convex sub-
set of the dual of an Asplund space, in particular for any norm separable
weak∗ compact convex subset of a dual Banach space (see, e.g., [24, Theorem
2]). We leave to the reader to formulate and prove appropriate versions of
the above theorem when AP (S),WAP (S),WAP (S)∩LUC(S) or LMC(S)
have a LIM, respectively.
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There is another class of sets, related to the recent Bader-Gelander-
Monod theorem (see [2, Theorem A]), for which Lau’s problem has an af-
firmative solution. Recall that a Banach space X is said to be L-embedded
if its bidual X∗∗ can be decomposed as X∗∗ = X ⊕1 Xs for some Xs ⊂ X∗∗
(with the ℓ1-norm). A Banach space X isM-embedded if X is anM-ideal in
its bidualX∗∗. It is known that ifX isM-embedded, thenX∗ is L-embedded
and the converse is not true in general (see [11]). Examples of L-embedded
Banach spaces include all L1 spaces, preduals of von Neumann algebras and
the Hardy space H1. In turn, c0(Γ) and K(H), the Banach space of all com-
pact operators on a Hilbert space H , are examples of M-embedded spaces.
The following notion was introduced in [19].
Definition 4.4. Let C be a nonempty subset of a Banach space X and
denote by C
weak∗
the closure of C in X∗∗ in the weak∗ topology of X∗∗.
We say that C is L-embedded if there is a subspace Xs of X
∗∗ such that
X ⊕1 Xs ⊂ X∗∗ and C
weak∗
⊂ C ⊕1 Xs.
It was proved in [19] that every L-embedded set is weakly closed. More-
over, a Banach space is L-embedded iff its unit ball is L-embedded. Notice
that a weakly compact subset C of any Banach space X is L-embedded
since C
weak∗
= C.
If A,C are subsets of a Banach space X with A bounded, we define the
Chebyshev radius of A in C by
rC(A) = inf
x∈C
sup
y∈A
‖x− y‖
and the Chebyshev center of A in C by
EC(A) = {x ∈ C : sup
y∈A
‖x− y‖ = rC(A)}.
Lemma 4.5 (see [19, Lemma 3.3]). Let C be an L-embedded subset of a
Banach space X and A a bounded subset of X. Then the Chebyshev center
EC(A) is weakly compact.
If we combine Theorem 3.4 and Lemma 4.5 we have the following com-
plement of [19, Theorem 3.11], where a similar statement was proved for
metrizable left reversible semitopological semigroups.
Theorem 4.6. Let C be a bounded convex L-embedded subset of a Banach
space X and let (S, (C,weak)) be a nonexpansive and continuous dynamical
system. If LUC(S) has a LIM and C contains a bounded subset A such that
s(A) = A for all s ∈ S, then there is a fixed point of S in EC(A).
Proof. Notice that EC(A) is convex, s(EC(A)) ⊂ EC(A) and it follows from
Lemma 4.5 that EC(A) is weakly compact. Now the result follows from
Theorem 3.4. 
In a similar way we can prove the theorem that drops the separability
assumption from [19, Theorem 3.16].
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Theorem 4.7. Let C be a bounded convex L-embedded subset of a Banach
space X and let (S, (C,weak)) be a nonexpansive dynamical system such that
the enveloping semigroup E(S, (C,weak)) consists of (weakly) continuous
functions. If WAP (S) has a LIM and C contains a bounded subset A such
that s(A) = A for all s ∈ S, then there is a fixed point of S in EC(A).
Proof. As before, s(EC(A)) ⊂ EC(A) for each s ∈ S and EC(A) is convex
and weakly compact. Now the result follows from Theorem 3.6. 
Theorems 4.6 and 4.7 are related to Theorem A in the recent paper of
Bader, Gelander and Monod [2] that was used to give a short proof of
the long-standing derivation problem for a convolution algebra L1(G) of a
locally compact group G. Notice that we have also appropriate versions of
the above theorems when AP (S),WAP (S) ∩ LUC(S) or LMC(S) have a
LIM, as in the case of Theorem 4.3.
Our final theorem concerns weak∗ compact convex sets in the dual of an
M-embedded Banach space. Lemma 3.2 in [19] asserts that any weak∗ closed
subset of the dual space of an M-embedded Banach space is L-embedded.
Therefore, we can use the results of Section 3 again.
Theorem 4.8. Let S be a semitopological semigroup and (S, (K,weak∗)) a
nonexpansive dynamical system, where K is a weak∗ compact convex subset
of the dual space X∗ of an M-embedded Banach space X. Suppose that one
of the following conditions holds:
(i) AP (S) has a LIM and the translations λs : K → K are weak∗
equicontinuous
(ii) WAP (S) has a LIM and the enveloping semigroup E(S,K) consists
of weak∗ continuous functions
(iii) LMC(S) has a LIM
(iv) WAP (S) ∩ LUC(S) has a LIM, the enveloping semigroup E(S,K)
consists of weak∗ continuous functions and the action π : S×K → K
is jointly continuous when K is given weak∗ topology
(v) LUC(S) has a LIM and the action π : S×K → K is jointly contin-
uous when K is given weak∗ topology.
Then there is a fixed point of S in K and the set F (S) of fixed points is
a nonexpansive retract of K.
Proof. All the proofs follow the same pattern, so we only prove (i). Since
the translations λs : K → K are weak∗ equicontinuous, it follows from
[14, Lemma 3.1] that the function fy(s) = f(sy) ∈ AP (S) for every weak
∗
continuous f : K → C and y ∈ K. By assumption, there is a left invariant
mean m on AP (S), fix y ∈ K, and define a positive functional Φ on C(K),
the space of weak∗ continuous complex-valued functions on K, by
Φ(f) = m(fy)
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for f ∈ C(K). Let µ be the probability S-invariant weak∗ Borel Radon
measure on K corresponding to Φ and denote by K0 = supp(µ) its (weak
∗)
support. Then s(K0) = K0 and hence s(EK(K0)) ⊂ EK(K0) for each s ∈ S.
Moreover, by [19, Lemma 3.2], K is L-embedded and hence EK(K0) is
weakly compact by Lemma 4.5. We show that {λs}s∈S are weakly equicon-
tinuous on EK(K0). Otherwise, there exist a weak neighbourhood V of 0 and
the nets {λsα} and {xα}, {yα} ⊂ EK(K0) such that w-lim(xα− yα) = 0 and
sαxα−sαyα /∈ V. Hence w∗-lim(xα−yα) = 0 and from weak∗ equicontinuity
of {λs}, w
∗-lim(sαxα−sαyα) = 0. Since EK(K0) is weakly compact, there are
subnets {λsϕ(β)}, {xϕ(β)}, {yϕ(β)} such that sϕ(β)xϕ(β) − sϕ(β)yϕ(β) converges
weakly and hence also weak∗ to z 6= 0, and we obtain a contradiction. In a
similar way, we show that the action π : S×EK(K0)→ EK(K0) is separately
continuous when K is given the weak topology, that is, (S, (EK(K0),weak))
is a dynamical system. Now we can apply Theorem 3.8 to get a fixed point
of S in EK(K0). As in the proof of Theorem 4.3, the set F (S) of fixed points
is a nonexpansive retract of K. 
Theorem 4.8 (v) gives a partial solution to Lau’s problem and comple-
ments [19, Theorem 3.18], where a similar statement was proved for [metriz-
able] left reversible semitopological semigroups.
If we analyse Lemma 4.1 and the proof of the above theorem we conclude
that it holds for any weak∗ compact convex subset K of a dual Banach
space provided there exists a weak∗ Borel S-invariant Radon probability
measure µ on each minimal weak∗ compact S-invariant subset of K such
that supp‖·‖(µ) 6= ∅. Therefore, the following question is central for our
approach to Lau’s problem described at the beginning of this section:
Question 4.9. Does there exist a weak∗ compact set K and a Radon prob-
ability measure on the sigma-algebra B(K,weak∗) of weak∗ Borel subsets of
K such that supp‖·‖(µ) = ∅?
A negative answer to this question yields a complete, affirmative solution
to Lau’s problem.
References
[1] A. Aminpour, A. Dianatifar, R. Nasr-Isfahani, Asymptotically non-expansive actions
of strongly amenable semigroups and fixed points, J. Math. Anal. Appl. 461 (2018),
364–377.
[2] U. Bader, T. Gelander, N. Monod, A fixed point theorem for L1 spaces, Invent.
Math. 189 (2012), 143–148.
[3] W. Bartoszek, Nonexpansive, T -continuous antirepresentations have common fixed
points, Proc. Amer. Math. Soc. 127 (1999), 1051–1055.
[4] S. Borzdyn´ski, A.Wi´snicki, A common fixed point theorem for a commuting family
of weak∗ continuous nonexpansive mappings, Studia Math. 225 (2014), 173–181.
[5] R. D. Bourgin, Geometric aspects of convex sets with the Radon-Nikody´m property,
Springer-Verlag, Berlin 1983.
[6] R. E. Bruck, Jr., Properties of fixed-point sets of nonexpansive mappings in Banach
spaces, Trans. Amer. Math. Soc. 179 (1973), 251–262.
16 A. WIS´NICKI
[7] R. E. Bruck, Jr., A common fixed point theorem for a commuting family of nonex-
pansive mappings, Pacific J. Math. 53 (1974), 59–71.
[8] M. M. Day, Fixed point theorem for compact convex sets, Illinois J. Math. 5 (1961)
585–590.
[9] R. DeMarr, Common fixed points for commuting contraction mappings, Pacific J.
Math. 13 (1963), 1139–1141.
[10] E. Glasner, M. Megrelishvili, On fixed point theorems and nonsensitivity, Israel J.
Math. 190 (2012), 289–305.
[11] P. Harmand, D. Werner, W. Werner, M-Ideals in Banach Spaces and Banach Alge-
bras, Springer-Verlag, Berlin, 1993.
[12] R. Hsu, Topics on weakly almost periodic functions, PhD thesis, SUNY at Buffalo,
1985.
[13] J. E. Jayne, C. A. Rogers,K-analytic sets, in Analytic sets, Academic Press, London-
New York, 1980, 1-181.
[14] A. T.-M. Lau, Invariant means on almost periodic functions and fixed point prop-
erties, Rocky Mountain J. Math. 3 (1973), 69–76.
[15] A. T.-M. Lau, Some fixed point theorems and W*-algebras, in: Fixed Point Theory
and Applications, S. Swaminathan (ed.), Academic Press, New York, 1976, 121–129.
[16] A. T.-M. Lau, Amenability and fixed point property for semigroup of nonexpansive
mappings, in: Fixed Point Theory and Applications, M.A. Thera, J.B. Baillon (eds.),
Longman Sci. Tech., Harlow, 1991, 303–313.
[17] A. T.-M. Lau, W. Takahashi, Invariant means and fixed point properties for non-
expansive representations of topological semigroups, Topol. Methods Nonlinear
Anal. 5 (1995), 39–57.
[18] A. T.-M. Lau, Y. Zhang, Fixed point properties of semigroups of non-expansive
mappings, J. Funct. Anal. 254 (2008), no. 10, 2534–2554.
[19] A. T.-M. Lau, Y. Zhang, Fixed point properties for semigroups of nonlinear map-
pings and amenability, J. Funct. Anal. 263 (2012), 2949–2977.
[20] A. T.-M. Lau, Y. Zhang, Algebraic and analytic properties of semigroups related
to fixed point properties of non-expansive mappings, Semigroup Forum (2019),
https://doi.org/10.1007/s00233-019-10048-7.
[21] M. Megrelishvili, Fragmentability and continuity of semigroup actions, Semigroup
Forum 57 (1998), 101–126.
[22] T. Mitchell, Topological semigroups and fixed points, Illinois J. Math. 14 (1970),
630–641.
[23] I. Namioka, Radon-Nikody´m compact spaces and fragmentability, Mathematika 34
(1987), 258–281.
[24] I. Namioka, Fragmentability in Banach spaces: interaction of topologies, Rev. R.
Acad. Cienc. Exactas F´ıs. Nat. Ser. A Math. RACSAM 104 (2010) 283–308.
[25] A. L. T. Paterson, Amenability, American Mathematical Society, Providence, RI,
1988.
[26] C. Ryll-Nardzewski, Generalized random ergodic theorems and weakly almost peri-
odic functions, Bull. Acad. Polon. Sci. Se´r. Sci. Math. Astronom. Phys. 10 (1962),
271–275.
[27] A. Wi´snicki, Amenable semigroups of nonexpansive mappings on weakly compact
convex sets, J. Nonlinear Convex Anal. 17 (2016), 2119–2127.
Department of Mathematics, Pedagogical University of Krakow, PL-30-
084 Cracow, Poland
E-mail address : andrzej.wisnicki@up.krakow.pl
